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Although the overwhelming majority of natural processes occurs far from the equilibrium, general
theoretical approaches to non-equilibrium phase transitions remain scarce. Recent breakthroughs
introducing description of open dissipative systems in terms of non-Hermitian quantum mechanics
allowed to identify a class of non-equilibrium phase transitions associated with the loss of combined
parity (reflection) and time-reversal symmetries. Here we report that time evolution of a single
classical spin (e.g. monodomain ferromagnet) governed by the Landau-Lifshitz-Gilbert-Slonczewski
equation in absence of higher-order anisotropy terms is described by a Mo¨bius transformation in
complex stereographic coordinates. We identify the parity-time symmetry-breaking phase transition
occurring in spin-transfer torque-driven linear spin systems as a transition between hyperbolic and
loxodromic classes of Mo¨bius transformations, with the critical point of the transition correspond-
ing to the parabolic transformation. This establishes the understanding of non-equilibrium phase
transitions as topological transitions in configuration space.
The interest to dissipative spin-transfer torque (STT)-
driven dynamics of a spin described by Landau-Lifshitz-
Gilbert-Slonczewski (LLGS) equation [1–3] is two-fold.
On the applied side, the spin controlled by the applied
spin-polarized current is an elemental unit for a wealth of
spintronic applications. On the fundamental side, com-
plete quantitative understanding of single-spin dynamics
provides the essential tool for predictive description of a
wealth of complex spin systems. Most notably, the non-
conservative effect of Slonczewski STT on spin systems,
equivalent to the action of imaginary magnetic field, of-
fers a unique tool for studying Lee-Yang zeros [4] in fer-
romagnetic Ising and Heisenberg models.
It has recently been shown that nonequilibrium clas-
sical spin dynamics described by the LLGS equation
naturally follows from the non-Hermitian extension of
Hamiltonian formalism [5]. Within this approach, the
nonconservative effects of Gilbert damping and applied
Slonczewski STT [3] originate from the imaginary part
of system’s Hamiltonian. This new technique has en-
abled important advances in the field of nonlinear spin
dynamics, including the discovery of parity-time (PT )
symmetry-breaking in systems with mutually orthogonal
applied magnetic field and STT. This new type of phase
transitions in spin systems is possible due to the fact
that the action of STT is invariant under simultaneous
operations of time-reversal and reflection with respect
to the direction of spin polarization. Here we find that
the PT symmetry-breaking phase transition occurring in
STT-driven linear spin systems [5] is a transition between
hyperbolic and loxodromic classes of Mo¨bius transforma-
tions governing the spin dynamics, with the critical point
of the transition corresponding to the parabolic trans-
formation. This establishes that non-equilibrium phase
transitions associated with PT symmetry breaking are
topological transitions in the configuration space.
We undertake the analytical study of dissipative STT-
driven dynamics of a single classical spin described by
a linear (in spin operators) non-Hermitian Hamiltonian.
We show that in the absence of higher-order anisotropies,
the combined effect of external magnetic field, Gilbert
damping and applied Slonczewski STT can be incorpo-
rated in the effective action of a complex magnetic field.
In complex stereographic coordinates the equation of mo-
tion becomes a Riccati equation, which admits an exact
solution in the form of a Mo¨bius transformation of C2.
The correspondence between various regimes of spin dy-
namics and classes of Mo¨bius transformations is estab-
lished and illustrated on the example of PT symmetry-
breaking phenomenon, which is identified as a transition
between elliptic and loxodromic Mo¨bius transformations
via a parabolic one.
The equation of motion can also be recast into the lin-
ear form by employing complex homogeneous coordinates
without any approximations beyond the initial choice of
the non-Hermitian spin Hamiltonian. The linear form of
the spin dynamics equation provides a solid foundation
for studying nonlinear effects in single and coupled spin
systems (e.g. chaotic dynamics [6, 7], spin-wave instabil-
ities [8], solitons [9], etc.)
We study the most general linear version of the spin
Hamiltonian proposed in Ref. [5],
Hˆ =
(
γH+ i j
1− i α
)
· Sˆ , (1)
where H is the applied magnetic field, imaginary field i j
is responsible for the action of STT, and phenomenolog-
ical constant α describes Gilbert damping. The corre-
sponding LLGS equation of spin dynamics reads(
1+α2
)
S˙=γH×S−αγ
S
S×[H×S]+1
S
S×[S×j]+αS×j ,
(2)
where γ = gµB/~ is the absolute value of the gyromag-
netic ratio, g ' 2, and S ≡ |S| is the total spin (constant
in time). The first two terms in Eq. (2) describe the
standard Landau-Lifshitz (LL) torque and dissipation in
Gilbert form, while the last two are responsible for Slon-
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2czewski STT, both dissipative (anti-damping) and con-
servative (effective field) contributions, respectively.
To show that Hamiltonian (1) yields the above LLGS
dynamics equation in the classical limit (S →∞), it
is most convenient to consider SU(2) spin-coherent
states [10, 11] |ζ〉 = eζSˆ+ |S,−S〉, where Sˆ± = Sˆx ± iSˆy,
and ζ ∈ C is the standard stereographic projection of the
spin direction on a unit sphere, ζ = (sx + isy)/(1− sz),
with the south pole (spin-down state) corresponding to
ζ = 0.
The Hamiltonian function in spin-coherent states reads
H(ζ, ζ¯) = 〈ζ|Hˆ|ζ〉〈ζ|ζ〉 , (3)
which yields [5] the following compact form of Hamilton’s
equation of motion for classical spin:
ζ˙ = i
(
1 + |ζ|2)2
2S
∂H
∂ζ¯
, (4)
where the factor
(
1 + |ζ|2)2/2S ensures invariance of
measure on a two-sphere.
Let us now normalize and rewrite the linear non-
Hermitian Hamiltonian (1) in terms of dimensionless
variables:
Hˆ0 ≡ Hˆ/S = h˜ · sˆ , (5)
where s ≡ S/S, and the effects of the applied magnetic
field, Gilbert damping and Slonczewski STT contribu-
tions are all incorporated in the complex magnetic field,
h˜ = (h˜x, h˜y, h˜z) ∈ C.
The equation of motion (4) for the linear classical spin
Hamiltonian (5) can be rewritten as a linear matrix or-
dinary differential equation:
d
dt
[
ξ(t)
η(t)
]
= A
[
ξ(t)
η(t)
]
, (6)
A =
i
2
∑
k=x,y,z
h˜k σk , (7)
where σk are Pauli matrices and ζ(t) ≡ ξ(t)/η(t). The
pair of complex functions {ξ, η} are called homogeneous
coordinates of ζ [12], such that each ordered pair {ξ, η}
(except {0, 0}) corresponds to a unique stereographic
projection coordinate ζ. The initial conditions for Eq. (6)
can be chosen as ξ(0) = ζ(0), η(0) = 1.
The solution in terms of stereographic projection coor-
dinates ζ has a simple form of a Mo¨bius transformation:
ζ(t) =
M11ζ(0) +M12
M21ζ(0) +M22
≡M [ζ(0)] , (8)
where the normalized (trM = 1) transformation matrix
is given by the matrix exponential:
M = eAt . (9)
The equation of motion (6) illustrates that the dis-
cussed here classical spin dynamics can be written in a
linear form, despite the nonlinear nature of the LLGS
equation (2) it reproduces. Understanding this linear sys-
tem and its solutions presents a crucial step in describing
nonlinear STT-driven magnetic systems.
MO¨BIUS TRANSFORMATION
We now study the solution of Eq. (4) for linear spin
Hamiltonians. Without loss of generality, we can take
h˜z = 0 and Im (h˜x) = 0 in Eq. (5) by choosing the z axis
along
[
Re (h˜) × Im (h˜)] and y axis along Im (h˜), while
hx ≡ Re (h˜x) and h˜y ∈ C can be arbitrary:
Hˆ0 = hxsˆx + h˜y sˆy . (10)
The equation of motion for this Hamiltonian takes the
form of a Riccati equation:
ζ˙(t) = −i hx − ih˜y
2
[
ζ2(t)− hx + ih˜y
hx − ih˜y
]
(11)
with two fixed points,
ζ1,2 = ±
√
hx + ih˜y
hx − ih˜y
, (12)
and the solution
ζ(t)=
cos
(√
h2x+h˜
2
y
2 t
)
ζ(0)+
ihx+h˜y√
h2x+h˜
2
y
sin
(√
h2x+h˜
2
y
2 t
)
ihx−h˜y√
h2x+h˜
2
y
sin
(√
h2x+h˜
2
y
2 t
)
ζ(0)+cos
(√
h2x+h˜
2
y
2 t
) .
(13)
As follows from Eq. (13), the time evolution of a classi-
cal spin generated by an arbitrary linear non-Hermitian
Hamiltonian is governed by a Mo¨bius transformation of
C2, when written in stereographic projection coordinates:
[M ] =
[
e
i
2 (hxσx+h˜yσy)t
]
=

cos
(√
h2x+h˜
2
y
2 t
)
ihx+h˜y√
h2x+h˜
2
y
sin
(√
h2x+h˜
2
y
2 t
)
ihx−h˜y√
h2x+h˜
2
y
sin
(√
h2x+h˜
2
y
2 t
)
cos
(√
h2x+h˜
2
y
2 t
)
 ,
(14)
in accordance with Eqs. (7), (9), and (10).
CLASSIFICATION OF MO¨BIUS
TRANSFORMATIONS BASED ON SPIN
DYNAMICS
The traditional classification of Mo¨bius transforma-
tions is based on the number and type of fixed points and
3FIG. 1. Geodesics of an elliptic (a), hyperbolic (b), and loxodromic (c) Mo¨bius transformation, corresponding in spin dynamics
to the applied real magnetic field along the x axis (a), imaginary magnetic field along the y axis (b), and complex magnetic
field along the y axis (c).
distinguishes three different classes: elliptic, loxodromic
(including hyperbolic as a special case) and parabolic
transformations, which can be identified by calculating
tr2M [12]. Here we show that all Mo¨bius transforma-
tions can be obtained from a superposition of only two
basic transformations, elliptic and hyperbolic, which in
spin dynamics translate to applied real and imaginary
magnetic fields, correspondingly. Elliptic Mo¨bius trans-
formation induces a uniform rotation of the entire Rie-
mann sphere around a central axis, while a hyperbolic
transformation produces antipodal expansion and con-
traction centers, see Fig. 1, where the lines depict in-
variant geodesics of the corresponding Mo¨bius transfor-
mation on the sphere. According to this consideration,
every elliptic and hyperbolic transformation is fully de-
termined by two parameters: ‘direction’ and ‘amplitude’,
which define the direction of geodesics, including location
of the fixed points, and the displacement of points on the
Riemann sphere along geodesics upon the transforma-
tion.
In these terms, any Mo¨bius transformation can be re-
garded as a superposition of only elliptic and hyperbolic
transformations. A general loxodromic transformation
has two fixed points, an attractive and repulsive nodes,
and can be obtained from such a superposition in a
unique way, provided the symmetry axes of the elliptic
and hyperbolic transformations are not mutually orthog-
onal. Therefore, the transformation (14) is loxodromic
when both of the following two conditions are met: a)
β ≡ Im h˜y 6= 0 and b) hy ≡ Re h˜y 6= 0 if hx 6= 0, which
follows from the requirement tr2M ∈ C\[0, 4] [12].
Let us now consider a superposition of mutually or-
thogonal elliptic and hyperbolic transformations. For the
transformation (14) this corresponds to hx 6= 0, hy = 0,
and β 6= 0. Depending on the ratio  ≡ |β/hx|, the trans-
formation (14) can be elliptic ( < 1), loxodromic ( > 1)
or parabolic ( = 1). As  approaches 1 from below, two
fixed points of the elliptic transformation move towards
each other (see Fig. 2a) until they eventually coalesce
into a single fixed point of a parabolic transformation at
 = 1, as shown in Fig. 2b. As  is increased further, the
fixed point splits into an attractive and repulsive center
of the hyperbolic transformation, see Fig. 2c. In spin dy-
namics the described transition plays an important role.
It is associated with the transition between regimes of
unbroken and broken PT symmetry [5].
Expectation values of the spin Hamiltonian (1) evalu-
ated at the fixed points, Eq. (12), E1,2 = ±
√
h2x + h˜
2
y, are
directly related to the eigenvalues of the corresponding
Mo¨bius transformation matrix, Eq. (14), λ1,2 = e
i
E1,2t
2 .
They fully determine the type of the fixed points and that
of the transformation. The standard classification [12]
uses multipliers of the transformation,
κ1,2 ≡ λ−21,2 = e−iE1,2t , (15)
such that |κ1,2| = 1
(
κ1,2 = e
±iθ 6= 1) for elliptic trans-
formations, κ1,2 = 1 for parabolic transformations, and
|κ1,2| 6= 1 for loxodromic transformations (with real
κ1,2 6= 1 in the special case of hyperbolic transforma-
tions). This fully agrees with the above considerations in
the language of classical spin dynamics.
To conclude, we have shown that the time evolution of
linear classical single-spin systems has a simple interpre-
tation in terms of Mo¨bius transformations of C2. The PT
symmetry-breaking phase transition in such systems can
be identified as a transition between elliptic and hyper-
bolic (via parabolic) classes of Mo¨bius transformations
appearing as solutions of the corresponding spin dynam-
ics equations in complex stereographic coordinates. The
established correspondence between linear spin dynam-
ics and Mo¨bius transformations reveals that any Mo¨bius
transformation can be produced by a unique superposi-
tion of an elliptic and hyperbolic transformations, corre-
sponding to real and imaginary magnetic fields applied to
a spin, respectively. We have demonstrated that the non-
linear LLGS equation describing dissipative STT-driven
dynamics of a linear single-spin system can be written
4FIG. 2. Transition between elliptic (a) and loxodromic (c) Mo¨bius transformations by increasing  past the critical value 1,
at which one obtains a parabolic transformation (b). In classical spin dynamics this transition corresponds to PT symmetry-
breaking.
in a linear form, illustrating that such dynamics cannot
produce any nonlinear effects, e.g. chaotic dynamic, for
which additional time-dependent perturbation are neces-
sary [6, 7].
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